
Multiple Wasserstein Gradient Descent for 
Multi-objective Distributional Optimization

Dai Hai Nguyen1, Hiroshi Mamitsuka2, Atsuyoshi Nakamura1

1Hokkaido University
2Kyoto University



Multiple-Objective Distributional Optimization (MODO)

▪ 𝒳 ⊆ ℝ𝑑: a compact domain, 𝒫2(𝒳) : space of probability distributions on 𝒳

▪ K ≥ 2: number of objectives 

▪ Each Fk q is defined over the space 𝒫2(𝒳)

▪ MODO can be regarded as multi-objective optimization (MOO) on the space of 
distributions, where MOO is:

min
𝐱∈𝒳

𝐟(𝐱) ≜ f1 𝐱 , f2 𝐱 , … , fK(𝐱)

min
q∈𝒫2(𝒳)

𝐅(q) ≜ F1 q , F2 q , … , FK(q)
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Multiple-Objective Distributional Optimization (MODO)
▪  Example: Multi-Target Sampling
Given a set of target distributions p1 𝐱 , p2 𝐱 , … , pK(𝐱) , with parameters 
𝐱, we aim to find the optimal distribution q∗ that minimize:

min
q∈𝒫2(𝒳)

𝐊𝐋 q, p1 , 𝐊𝐋 q, p2 , … , 𝐊𝐋 q, pK

p1 p2

based on picture in  [Phan et al, NeurIPS 2022]



Related work: Distributional Optimization
Optimization over distribution space: min

q∈𝒫2(𝒳)
F(q)

▪ Wasserstein gradient descent (WGD) constructs a 
sequence of q(t)  to decrease F

▪ 𝒯q(t)𝒫2(𝒳): tangent space at q(t) 

▪ 𝑠 ∈ 𝒯q t 𝒫2 𝒳 : tangent vector at q(t) 
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▪ 𝑠 ∈ 𝒯q t 𝒫2 𝒳 : tangent vector at q(t) 

▪ Let 𝛾: 0,1 → 𝒫2 𝒳  be a curve satisfying γ 0 = q(t) and γ′ 0 = 𝑠, first variation 
𝛅𝐅 𝐪(𝐭)   is defined as

lim
h→0

1

h
[F γ h − F(q(t))] = න δF q(t) 𝐱 s 𝐱 d𝐱

▪  Continuity equation:              s 𝐱 + 𝐝𝐢𝐯 q t 𝐱 𝐯 𝐱 = 0, 𝐯 x = d𝐱/dt

▪  Wasserstein gradient:        grad F q t 𝐱 + 𝐝𝐢𝐯 q t (𝐱)∇δF q t 𝐱 = 0
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Finding Pereto Stationary Distributions for MODO
▪ Optimization over distribution space: min

q∈𝒫2(𝒳)
𝐅(q) ≜ F1 q , F2 q , … , FK(q)

▪ Pareto optimality. Consider p, q ∈ 𝒫2(𝒳), say q dominates p if Fk q ≥ Fk p  for k =
1,2, … , K, and 𝐅 p ≠ 𝐅 q . q ∈ 𝒫2(𝒳) is Pareto optimal if for all p ∈ 𝒫2(𝒳), q is not 
dominated by p.

▪ Pareto Stationarity. q ∈ 𝒫2(𝒳) is Pareto stationary if

min
𝐰∈𝒲

grad 𝐅 q 𝐰, grad 𝐅 q 𝐰 q = 0

Further, q ∈ 𝒫2(𝒳) is 𝜖-Pareto stationary if

min
𝐰∈𝒲

grad 𝐅 q 𝐰, grad 𝐅 q 𝐰 q ≤ 𝜖2

where 𝒲 = 𝐰 ∈ ℝK|𝐰 ≽ 0, 𝐰⊺1 = 1 ,  grad 𝐅 q = grad F1 q , … , grad FK q , and 
grad 𝐅 q 𝐰 = σk=1

K w𝐤 grad Fk q



Multiple Wasserstein Gradient Descent (MWGraD) for MODO
Update Distributions via Velocities

▪ Goal: Constructs a sequence of q t
𝑡=0

𝑇
, starting from a simple q 0  (e.g. Gaussian), 

minimizing all objectives simultaneously

▪ Particle update:
𝐱(t+1) = 𝐱(t) − α𝐯 t (𝐱(t))

 where 𝐱(t) ∼ q t , 𝐯 t  is the velocity field, and α is stepsize.

▪ Tangent vector s(t) associated with 𝐯 t  :

s(t) 𝐱(t) = 𝐝𝐢𝐯 q t 𝐱(t) 𝐯 t 𝐱(t) ∈ 𝒯q(t)𝒫2(𝒳)



Multiple Wasserstein Gradient Descent (MWGraD) for MODO

Velocity-based reformulation of MODO

▪ Let 𝛾: 0,1 → 𝒫2 𝒳  be a curve satisfying

 γ 0 = q(t) and γ′ 0 = 𝑠

▪ Goal: find s(t) that maximize the minimum decrease across all objectives

max
s

min
k∈[K]

1

ℎ
Fk q t − Fk γ h



Multiple Wasserstein Gradient Descent (MWGraD) for MODO
Reformulation of MODO

▪ Aim: find s(t) that maximize the minimum decrease across all objectives

max
s

min
k∈[K]

1

ℎ
Fk q t − Fk γ h

max
𝐯∈𝓥

min
k∈[K]

න ∇δFk q t 𝐱 , 𝐯 𝐱 𝐪 t 𝐱 d𝐱 −
1

2
න 𝐯 𝐱 , 𝐯 𝐱 𝐪 t 𝐱 d𝐱

Continuity equation:

s 𝐱 = 𝐝𝐢𝐯 q t 𝐱 𝐯 𝐱

First variation:

lim
h→0

1

h
Fk γ h − Fk q t = න δFk q(t) 𝐱 s 𝐱 d𝐱
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ℎ
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max
𝐯∈𝓥

min
k∈[K]
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1

2
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h
Fk γ h − Fk q t = න δFk q(t) 𝐱 s 𝐱 d𝐱

Regularization term



Multiple Wasserstein Gradient Descent (MWGraD) for MODO

Reformulation of MODO: at each iteration t, find 𝐯(t) that optimize:

max
𝐯∈𝓥

min
k∈[K]

න ∇δFk q t 𝐱 , 𝐯 𝐱 𝐪 t 𝐱 d𝐱 −
1

2
න 𝐯 𝐱 , 𝐯 𝐱 𝐪 t 𝐱 d𝐱

Theorem 1.   The solution 𝐯 t  is given by:

𝐯 t 𝐱 = 𝐕 t 𝐱 𝐰∗ = ෍

k=1

K

wk
∗𝐯k

t
𝐱 , for ∀𝐱

where 𝐯k
t

𝐱 = ∇δFk q t 𝐱 , for k ∈ [K], 𝐕 t 𝐱 = 𝐯1
t

𝐱 , 𝐯2
t

𝐱 , … , 𝐯K
t

𝐱 , and

𝐰∗ = argmin
w∈𝒲

1

2
න 𝐕 t 𝐱 𝐰

2

2
𝐪 t 𝐱 d𝐱

Squared norm of combined velocity

Convex combination of velocities



Multiple Wasserstein Gradient Descent (MWGraD) for MODO
▪ Practical implementation

1) Particles approximation: use 𝐱i
(t)

i=1

m
 to approximate q t , and update via: 

𝐱i
(t+1)

= 𝐱i
(t)

− α𝐯 t (𝐱i
(t)

)

2) Velocity Estimation:   𝐯 t 𝐱 = 𝐕 t 𝐱 𝐰∗ = σk=1
K wk

∗∇δFk q t 𝐱 , 

Estimate δFk q t  using:  SVGD  [Liu et al., 2016],  Blob method [Carrillo et al., 2019],  
Neural network (or variational transport) [Liu et al 2021]

3) Min-norm oracle (Approximate):  𝐰∗ = argmin
w∈𝒲

1

2
׬ 𝐕 t 𝐱 𝐰

2

2
𝐪 t 𝐱 d𝐱

Instead of solving exactly, take a projected gradient descent step:
𝐰(t+1) = Π𝒲 𝐰(t) − β∆𝐰(t) ,

where ∆𝐰(t) is the gradient of min-norm oracle w.r.t. 𝐰, β is the step size.



Multiple Wasserstein Gradient Descent (MWGraD) for MODO
Assumption 1 (Wasserstein gradient error) The deviation between the true velocity 
𝐯k

t =∇δFk q t  and the approximation ෤𝐯k
(t) is upper bounded.

𝔼q t ෤𝐯𝑘
(𝑡)

− 𝐯𝑘
(𝑡)

2

2
≤ 𝜎2

 Assumption 2 (Geodesic smoothness) Fk is geodesically ℓ𝑘-smooth with respect to the 2-
Wasserstein distance, for k ∈ K , in the sense that: for p, q ∈ 𝒫2(𝒳), 

Fk q ≤ Fk p + gradFk p , Expp
−1 q

p
+

ℓk

2
 𝒲2

2(p, q)

 Theorem 2. Let Assumptions 1 and 2 hold, and 𝜖 > 0 be a small constant. Set α ≤ 𝒪 ϵ2 , β ≤
𝒪 ϵ2 , T ≥ max Θ

1

αϵ2 , Θ
1

βϵ2 , we then have that

min
0≤t≤T−1

grad 𝐅 q t 𝐰(t), grad 𝐅 q t 𝐰(t)
q t ≤

1

T
෍

t=0

T

grad 𝐅 q t 𝐰 t , grad 𝐅 q t 𝐰 t
q t

≤ ϵ2 + 3σ2

convergence with exact computation of velocities approximation error of velocities



Experiments: Synthetic dataset
Objective:      min

q∈𝒫2(𝒳)
𝐊𝐋 q, p1 , 𝐊𝐋 q, p2 , … , 𝐊𝐋 q, pK  (Multi-target sampling)

Setup: 

▪ K= 4 target distributions (each a  mixture of 2 Gaussians)

▪ Targets share a high-density region

▪ Approximate q using 50 particles initialized from 

                                             a standard normal

Methods compared:

▪ MOO-SVGD [Liu et al., 2021]

▪ MWGraD Variants (ours):

 - MWGraD with SVGD (MWGraD-SVGD)

 - MWGraD with Blob method (MWGraD-Blob)

 - MWGraD with neural networks (MWGraD-NN)



Experiments: Synthetic dataset
Objective:           min

q∈𝒫2(𝒳)
𝐊𝐋 q, p1 , 𝐊𝐋 q, p2 , … , 𝐊𝐋 q, pK

MOO_SVGD

MWGraD-SVGD

MWGraD-Blob

MWGraD-NN

Ours

MWGraD tends to cover the joint high density of objective functions



Experiments: Multi-task learning
Bayesian multi-task learning:
• Assume K prediction tasks and a given dataset 𝐷
• Parameters for each task k: shared part: 𝐱, task-k-

specific part: 𝐳k

• Aim: estimate/sample from p 𝐱, 𝐳k D) for each task k

Procedure: repeat (1) and (2)
(1)  Fix 𝐱, sample from p 𝐳k 𝐱, D) for each task k

(by SVGD  [Liu et al., 2016])
(2) Fix 𝐳1, 𝐳2,.., 𝐳K, perform multi-target sampling from 
multiple posteriors

p 𝐱  𝐳1, D , p 𝐱 𝐳2, D , … , p 𝐱 𝐳K, D)

(by MWGraD variants)

Task 1 Task 2 Task K

𝐳1 𝐳2 𝐳K

Input

𝐱

Shared part

Task-specific
 part



Experiments: Multi-task learning
• Datasets: Multi-Fashion-MNIST, Multi-MNIST and Multi-Fashion. Each of them consists 

of 120,000 training and 20,000 testing images from MNIST and FashionMNIST by 
overlaying an image on top of another. 

• Number of tasks: K = 2, Number of particles: m= 5. Run 2000 updates of particles

Ours



Conclusions

• Addressed the MODO problem: simultaneously minimizing multiple functions of 
probability distributions 

•  Introduced MWGraD, an iterative particle-based algorithm for solving MODO

• Provided theoretical analyses and presented experimental results on both synthetic 
and real-world datasets, demonstrating the effectiveness of MWGraD in identifying the 
joint high-density regions of objective functions
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Appendix : Multiple gradient descent algorithm (MGDA)
▪  MOO

min
𝐱∈𝒳

𝐟(𝐱) ≜ f1 𝐱 , f2 𝐱 , … , fK(𝐱)

▪ Pareto Optimality. For two solution 𝐱, 𝐲 ∈ 𝒳, say 𝐲 dominates 𝐱 iff fk 𝐲 ≥ fk 𝐱  
for k = 1,2, … , K, and 𝐟 𝐲 ≠ 𝐟 𝐱 . 𝐱 is Pareto optimal if no other solution 
dominates it.

▪ Pareto stationary solution. 𝐱∗ ∈ 𝒳 is Pareto stationary iff there exists 𝐰 ∈ 𝒲 
such that 

∇𝐟 𝐱∗ 𝐰 = ෍

k=1

K

w𝐤 ∇fk 𝐱∗ = 0,

where 
𝒲 = 𝐰 ∈ ℝK|𝐰 ≽ 0, 𝐰⊺1 = 1 , ∇𝐟 𝐱 = ∇f1 𝐱 , ∇f2 𝐱 , … , ∇fK 𝐱 .



Appendix: Multiple gradient descent algorithm (MGDA)
▪ is iterative and gradient-based
▪  𝐱(t+1) = 𝐱(t) − α𝐝(t) (𝐝(t) is search/update direction at t-th iteration).
▪ Key idea: find 𝐝(t) that maximizes the minimum decrease across all the 

objectives by solving:

𝐝(t) = argmin
𝐝∈ℝ𝑑

max
k∈[K]

∇fk 𝐱(t) , 𝐝 +
1

2
𝐝 2

2

𝐰(t) = argmin
𝐰∈𝒲

෍

k=1

K

w𝐤 ∇fk 𝐱(t)

2

2

Then, 𝐝(t) = σk=1
K 𝐰𝑘

t ∇fk 𝐱(t) = ∇𝐟 𝐱(t) 𝐰(t)

(Primal)

(Dual)
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